We establish sharp results on the modulus of continuity of the distribution of the spectral measure for multi-frequency Schrödinger operators with Diphantine frequencies and small analytic potentials.
Introduction
In this paper we consider multi-frequency quasi-periodic Schrödinger operator on ℓ 2 (Z), (1.1) (H λV,α,θ u) n = u n+1 + u n−1 + λV (θ + nα)u n , n ∈ Z,
where α, θ ∈ T d are parameters (called the frequency, phase respectively), V ∈ C ω (T d , R) is called the potential and λ ∈ R is called the coupling constant.
There are two fundamental quantities in the study of the spectral theory of quasi-periodic Schrödinger operators, the Lyapunov exponent (LE) and the integrated density of states (IDS) 1 . On the one hand, it is well understood that the regularity of LE (IDS) plays an important role in the study of spectral theory of quasi-periodic Schrödinger operators. For example, the classical Kotani theory [20] says that if the Lyapunov exponent vanishes in the spectrum, then the absolutely continuity of IDS is equivalent to that the absolute continuity of the spectral measure for a.e. θ. Recently, it is explored in [8, 9] the Hölder continuity of LE (IDS) plays an important role in certain topological structure (called Homogeneity) of spectrum set of quasi-periodic Schrödinger operators. On the other hand, the regularity of LE itself is one of the fundamental questions in dynamical systems, for partial results, one can see Viana [25] and references therein. The Lyapunov exponent is connected to the integrated density of states by the Thouless formula which was derived on a non-rigorous basis by Thouless [24] and then rigorously proved by Avron and Simon [5] . Classical hard analysis [12] indicates that this formula transfers the Hölder regularity of IDS to that of LE. Thus the regularity of LE (IDS) reduce to a problem of regularity of IDS.
For quasi-periodic Schrödinger operators, let µ θ = µ δ 0 λV,α,θ + µ δ 1 λV,α,θ be the associated universal spectral measure (see Section 2.1 for details), it is standard that the IDS is the average of µ θ in θ. Thus, a more difficult and subtle question is the regularity of the distribution of individual spectral measure µ θ . Note that if µ θ = µ pp θ , then the distribution of µ θ is not even continuous. Thus a more suitable question is the regularity of the distribution of µ θ when µ θ = µ ac θ . This question was answered by Avila and Jitomirskaya [4] in the one-frequency case under the assumption that the frequency is Diophantine 2 . And it was generalized by Liu and Yuan [22] to Liouvillean frequency.
However, the results in [4, 22] were restricted to one-frequency case, since a crucial technique in [4, 22] is almost reducibility developed by Avila and Jitomirskaya in [3] based on quantitative Aubry duality and it seems nontrivial to generalize the method in [3] to multi-frequency case. While almost reducibility can also be got directly by classical KAM theory [7, 10, 11, 15, 21] , and results in [7, 10, 11, 21] do work in any dimension. This allows the possibility to study the regularity of distribution of absolutely continuous spectral measure in the multi-frequency case.
In this paper, we generalize the results in [4] to multi-frequency case by the KAM scheme recently developed in [7, 21] for multi-frequencies. Our main Theorem is
, there exist λ 0 (α, V ) and C = C(α, λV ) such that if λ < λ 0 , then for any E ∈ R, there holds
for any ǫ > 0 and any θ ∈ T d . Remark 1.1. The 1 2 -modulus of continuity is sharp since even for IDS (the average), this is sharp [23] .
We now give a brief review of the histories on the regularity of LE (IDS) for quasi-periodic Schrödinger operators. For analytic quasi-periodic potentials, in the positive Lyapunov exponent regime, Goldstein and Schlag [12] developed some sharp version of large deviation theorems for real analytic potentials with strong Diophantine frequency, moreover they further developed Avalanche Principle and proved that LE is Hölder continuous (one-frequency) or weak Hölder continuous (multi-frequency). For the Almost Mathieu operator where V (θ) = λ cos 2π(θ) and d = 1, Bourgain [6] proved that for Diophantine α and large enough λ, LE is 1 2 −ǫ-Hölder continuous for any ǫ > 0. Later, Goldstein and Schlag [13] generalized Bourgain's
result [6] , and proved that if the potential is in a small L ∞ neighborhood of a trigonometric polynomial of degree k, then the IDS is Hölder 1 2k − ǫcontinuous for all ǫ > 0. Moreover, they further proved ( [13] ) that IDS is absolutely continuous for a.e. α.
In the zero Lyapunov exponent regime, based on Eliasson's perturbative KAM scheme [11] , Amor [1] got 1 2 -Hölder continuity of IDS for quasi-periodic cocycles in SL(2, R) with Diophantine frequency. Besides, Avila and Jitomirskaya [3] used almost localization and Aubry duality to obtain the same result with one frequency in the non-perturbative regime. It is worth mentioning that all the above results require Diophantine or strong Diophantine conditions. For small potentials and generic frequencies, it is actually possible to show that the Lyapunov exponent is not Hölder continuous. A recent breakthrough belongs to Avila [2] : for one-frequency Schrödinger operators with general analytic potentials and irrational frequency, Avila [2] has established the fantastic global theory saying that Lyapunov exponent is a C ω -stratified function of the energy.
For the lower regularity case, Klein [19] proved that for Schrödinger operators with potentials in a Gevrey class, the Lyapunov exponent is weak Hölder continuous on any compact interval of the energy provided that the coupling constant is large enough, the frequency is Diophantine and the potential satisfies some transversality condition. Recently, Wang and Zhang [26] obtained the weak Hölder continuity of Lyapunov exponent as a function of energies, for a class of C 2 quasi-periodic potentials and for any Diophantine frequency. More recently, Cai, Chavaudret, You and Zhou [7] proved sharp Hölder continuity of Lyapunov for quasi-periodic Schrödinger operator with small finitely differential potentials and Diophantine frequencies.
Up to now, the regularity result of the distribution of individual spectral measure for quasi-periodic Schrödinger operators is few. We mention that recently, Avila and Jitomirskaya [4] proved sharp Hölder continuity of µ θ in the non-perturbative regime for Diophantine frequencies. Later, Liu and Yuan generalized this result to Liouvillean frequencies.
Finally, we give the structure of this paper. Several preparation propositions and basic concepts are given in Section 2. In Section 3, we derive some quantitative estimates based on the KAM scheme developed in [7, 21] . In Section 4, based on these quantitative estimates on conjugation transformation and constant matrix, we will give the proof of the main theorem with some arguments in [4] .
Preliminary
We denote C ω r (T d , * ) by the space of analytic matrix-valued functions with analytic radius r > 0. Here " * " can be R, C, SL(2, R), sl(2, R), SL(2, C) and sl(2, C). The norms are defined as
We denote by
Spectral measure for one dimension Schrödinger operator.
Given a bounded map V : Z → R called the potential, we define the associated Schrödinger operator by
It is easy to check that H is a bounded self-adjoint operator in ℓ 2 (Z). It is standard that for any compactly supported φ ∈ ℓ 2 (Z) can be written as φ = p(H)δ 1 + q(H)δ 0 with suitable polynomials p(·) and q(·). Using this observation, it can then be shown that
where µ δ 0 , µ δ 1 are the associated spectral measures of H with respect to δ 0 , δ 1 , can serve as a universal spectral measure for H. More precisely, for any φ ∈ ℓ 2 (Z), µ φ is absolutely continuous with respect to µ.
Borel transformation of spectral measure and m function.
The Borel transform of µ takes the form
It is standard that M (z) has a close relation to the well-known Weyl-Titchmarsh m-function. Given z ∈ C + , then there are non-zero solutions u ± z of Hu ± z = zu ± z which are ℓ 2 at ±∞. The Weyl-Titchmarsh m-functions are defined by
, we refer readers to consult [16, 17] for more details of the definition. As discussed in [17] ,
The following propositions which were proved in [4] are very important for our applications. For completeness, we give the proof here.
Proof. By (2.2), for any ǫ > 0, we have
We denote by ψ(z) = sup β |R −β/2π z|, by the argument in Section 4.1 in [4] , one has
(2.4), (2.5) and (2.6) imply that
Proof. By the definition of P k (E), we have
Since P k (E) is self-adjoint, it immediately follows that
Linear algebra preparations.
In this subsection, we give some basic facts in linear algebra. Note that, essentially, all these facts are proved in [4] . We give the proof here for completeness.
Proof. We prove this by induction. If k = 1, direct computation shows that
Assume that we are at the n-th step, we consider the (n + 1)-th step, note that
= n x n,1 x n,1 x n,2
this implies that
2.4. Cocycles, Lyapunov exponents and fibered rotation number.
Given A ∈ C 0 (T d , SL(2, C)) and rationally independent α ∈ R d , we define the quasi-periodic cocycle (α, A):
The iterates of (α, A) are of the form (α, A) n = (nα, A n ), where
The Lyapunov exponent is defined by L(α, A) := lim
The cocycle (α, A) is uniformly hyperbolic if, for every x ∈ T d , there exists a continuous splitting C 2 = E s (x) ⊕ E u (x) such that for every n ≥ 0,
for some constants C, c > 0. This splitting is invariant by the dynamics, i.e.,
Assume that A ∈ C 0 (T d , SL(2, R)) is homotopic to the identity. It induces the projective skew-product F A :
which is also homotopic to the identity. Thus we can lift F A to a map
Let µ be any probability measure on T d × R which is invariant by F A , and whose projection on the first coordinate is given by Lebesgue measure. The number
depends neither on the lift ψ nor on the measure µ, and is called the fibered rotation number of (α, A) (see [14, 18] for more details).
Given θ ∈ T d , let R θ := cos 2πθ − sin 2πθ sin 2πθ cos 2πθ . If A :
is homotopic to θ → R n,θ 2 for some n ∈ Z d , then we call n the degree of 
A typical example is given by the so-called Schrödinger cocycles (α, S V E ), with
Those cocycles were introduced because it is equivalent to the eigenvalue equation H V,α,θ u = Eu. Indeed, any formal solution u = (u n ) n∈Z of H V,α,θ u = Eu satisfies
The spectral properties of H V,α,θ and the dynamics of (α, S V E ) are closely related by the well-known fact: E ∈ Σ α,V if and only if (α, S V E ) is not uniformly hyperbolic. Throughout the paper, we will denote L(E) = L(α, S V E ) and ρ(E) = ρ(α, S V E ) for short. It is well known that the spectrum of H V,α,θ denote by Σ α,V , is a compact subset of R, independent of θ if (1, α) is rationally independent. The integrated density of states
It is also known that ρ(E) ∈ [0, 1 2 ] relates to the integrated density of states N = N α,V as follows:
Quantitative almost reducibility
In this section, we concentrate on the following analytic quasi-periodic SL(2, R) cocycle:
We will prove the following quantitative almost reducibility proposition.
, provided that f 0 r 0 < ǫ * for some ǫ * > 0 depending on A 0 , κ, τ, r, r 0 , d, with the following estimates Proof. We prove Proposition 3.1 by iteration. Suppose that
where c, D are defined in Proposition 5.1. Then we can define the sequence inductively. Let ǫ 0 = ǫ * , assume that we are at the (j + 1) th KAM step, i.e. we already construct B j ∈ C ω r j (T d , P SL(2, R)) such that
By our selection of ǫ 0 , one can check that
Indeed, ǫ j on the left side of the inequality decays at least super-exponentially with j, while (r j − r j+1 ) Dτ on the right side decays exponentially with j. Note that (3.4) implies that Proposition 5.1 can be applied iteratively, consequently one can construct
. More precisely, we can distinguish two cases:
Non-resonant case: If for any n ∈ Z d with 0 < |n| ≤ N j , we have
Resonant case: If there exists n j 3 with 0 < |n j | ≤ N j such that
Finally, we give the proof of (3.3), If the n-th step is in the resonant case, we have A n = e A ′′ n , A ′′ n < 2ǫ 1 10 n−1 . Thus A n ≤ 1 + 4ǫ 1 10 n−1 ≤ 2 A 0 , then there exists unitary U n ∈ SL(2, C) such that (3.5) U n A n U −1 n = e iξn c n 0 e −iξn , with |c n | ≤ 2 A ′′ n ≤ 4ǫ 1 10 n−1 . Thus (3.3) is fulfilled. If it is in the non-resonant case, assume j 0 is the last resonant step before n.
If j 0 exists, we have
j 0 −1 . By our choice of j 0 , from j 0 to n, every step is non-resonant. Thus we have
Similarly to the process of (3.5), (3.3) is fulfilled.
If j vanishes, it immediately implies that from 1 to n, each step is nonresonant. In this case, A n ≤ 2 A 0 and the estimate (3.3) is naturally satisfied as B n 0 ≤ 2. Thus, we finish the proof.
Proof of Theorem 1.1
To prove Theorem 1.1, we only need to prove the following Lemma. R) , there exists λ 0 (α, V ) and C = C(α, λV ) such that if λ < λ 0 , then for any E ∈ Σ α,λV , we have
By Proposition 2.1, we have
On the one hand, for any bounded potential V and any solution u we have u 2(k+1) ≤ C u 2k , by Proposition 2.2 we have det P k+1 (E) ≤ C det P k (E), thus ǫ k+1 ≥ cǫ k . On the other hand, we can check easily in (2.3) that
is monotonic with respect to ǫ, thus for any ǫ > 0, there exists k such that ǫ k+1 < ǫ < ǫ k , combining this with the fact ǫ k+1 ≥ cǫ k , we have
By (2.4), we have
For any E ∈ R, we have the following two cases Case 1:
Thus
Proof of Lemma 4.1: Note that
thus there exist λ 0 (α, V ) > 0 and f 0 ∈ C ω r 0 (T d , sl(2, R)) such that if λ < λ 0 , we can rewrite
and V ∈ C ω (T d , R), by Proposition 3.1, there exist B n ∈ C ω r (T d , P SL(2, R)) and A n ∈ SL(2, R) satisfying Moreover, there exists unitary U n ∈ SL(2, C) such that
For E ∈ Σ α,λV , we always have that |ℑξ n | ≤ ǫ 1 4 n since (α, A n e fn ) is not n , We divide the remaining proof into three steps. STEP 1: Estimation of X k .
By Proposition 2.3, we have
x k,2 = k + |c n | 2 k j=1 ( sin 2π(2j − 1)γ n sin 2πγ n ) 2 . x k,1 =c n e −2πiγn e −4πiγn − 1 (e −4πiγn e −8πikγn − 1 e −8πiγn − 1 − k) (4.10)
x k,2 = k(1 + 2|c n | 2 |e −4πiγn − 1| 2 (1 − sin 8πkγ n 2k sin 4πγ n )),
Note that by (4.10), we have x k,2 > k. Since X k is positive we have
this implies that x k,2 > x k,1 . It is easy to see that
By (4.10) and (4.11), we have
2k sin 4πγn ))
.
We have the following two cases: Case 1: k 4γ n R/Z ≥ 2 3 , we have
Thus for any k ∈ I n , we always have
STEP 2: Estimation ofX k (θ). We need the following Lemma in [4] ,
Note that by (4.4) we have Ã n ef n −Ã n 0 ≤ 2ǫ 1 4 n . Since k ∈ I n , we have ǫ 1 4 n ≤ 1 100 k −2 (1 + 2c n k) −2 , by Lemma 4.2, we have X k − X k 0 ≤ 1, thus (X k ) −1 − (X k ) −1 0 ≤ (X k ) −1 0 X k − X k 0 (X k ) −1 0 ≤ 1. By (4.12) and (4.13), for any k ∈ I n , we have (X k ) −1 −1 ≥ ck. X k ≤ Ck(1 + k 2 |c n | 2 ).
STEP 3: Estimation of P k (E).
For k ∈ I n , by equation (4.3), we have
On the one hand, k −2 ≤ ǫ 1 20 n−1 , by (4.5), we have C Φ n 16 0 k −2 ≤ C. On the other hand, by (4.6), we have C Φ n 16 0 |c n | 2 ≤ C, thus for any k ∈ (ǫ ), it is obvious that there exists C = C(α, λV ) such that
Thus we finish the proof of Lemma 4.1.
Appendix
In this section, we give an iteration proposition proved in [7, 21] as a generalization of the results in [15] . More precisely, let N = 2 r−r ′ |ln ǫ|, then we can distinguish two cases: • (Non-resonant case) if for any n ∈ Z d with 0 < |n| ≤ N , we have |2ξ− < n, α >| ≥ ǫ 1 10 ,
then
|B − Id| r ′ ≤ ǫ 1 2 , |f + | r ′ ≤ 4ǫ 3− 1 5 . and A + − A ≤ 2 A ǫ.
• (Resonant case) if there exists n * with 0 < |n * | ≤ N such that |2ξ− < n * , α >| < ǫ 1 10 ,
Moreover, A + = e A ′′ with A ′′ ≤ 2ǫ 1 10 .
